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1. Introduction
It is well known that on certain function spaces the natural “norm” does not satisfy the
triangle inequality (for example, on Lp(R
n) when p ∈ (0, 1) the functional that is usually called
the “p-norm” has this property). In view of this observation, Czerwik in [1] proposed a genera-
lisation of metric spaces by relaxing the triangle inequality in a way that allows the extension
of fixed point theory to cover also these badly behaving function spaces. The resulting notion
of b-metric spaces created a new direction in which fixed point theory could be developed and
Czerwik was the first to generalise Banach’s fixed point theorem for this case. Since then many
authors contributed to this development and nowadays the field occupies a considerable position
in fixed point theory.
The aim of our paper is to correct an inaccuracy that appears in the proof of Czerwik’s
theoremmentioned above. This occurs in the proof of Theorem 1 in [1] (and also in the essentially
same proof of Theorem 12.2 in [2]) at the step of proving that (xk)k∈N is a Cauchy sequence:
the definition of (xk)k∈N depends on the choice of ε. However, in our proof we show that this
inaccuracy can be corrected, and thus the conclusion of Czerwik’s theorem remains true.
2. Main result
In this section we recall the notion of b-metric spaces, the statement of Theorem 1 in [1] and
we present our corrected proof.
Definition 2.1. We say that (X, d) is a b-metric space with constant s ≥ 1 if d : X×X → [0,∞)
satisfies the following conditions for every x, y, z ∈ X:
(i) d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x);
(iii) d(x, y) ≤ s[d(x, z) + d(z, y)].
Theorem 2.2. Let (X, d) be a complete b-metric space with constant s ≥ 1 and suppose that
T : X → X satisfies
(1) d(Tx, T y) ≤ ϕ(d(x, y))
for all x, y ∈ X, where ϕ : [0,∞)→ [0,∞) is increasing and
lim
n→∞
ϕn(t) = 0
for each t ≥ 0. Then T has a unique fixed point x∗ ∈ X and limn→∞ T
n(x) = x∗ for each
x ∈ X.
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Proof. Let x ∈ X and define xk = T
kx for every k ∈ N. Since for every m,n ∈ N we can apply
mn times (1) to get
d(T nxmn, xmn) ≤ ϕ
mn(d(xn, x0)),
it follows that
(2) lim
m→∞
d(T nxmn, xmn) = 0, ∀n ∈ N.
In the next step for any ε > 0 we construct an n˜ and m˜ such that
(3) T n˜(B(xm˜n˜, ε)) ⊆ B(xm˜n˜, ε),
where B(xm˜n˜, ε) = {u ∈ X | d(u, xm˜n˜) < ε}. First we choose n˜ ∈ N such that ϕ
n˜(ε) < ε
2s
. By
(2), for ε and n˜ we can choose an m˜ ∈ N such that
d(T n˜xmn˜, xmn˜) <
ε
2s
, ∀m ≥ m˜.
The inclusion given in (3) holds for these indices since for any u ∈ B(xm˜n˜, ε) both inequalities
d(T n˜u, T n˜xm˜n˜) ≤ ϕ
n˜(d(u, xm˜n˜)) ≤ ϕ
n˜(ε) <
ε
2s
and
d(T n˜xm˜n˜, xm˜n˜) ≤
ε
2s
are satisfied, hence we can use the relaxed triangle inequality to obtain
d(T n˜u, xm˜n˜) ≤ s
[
d(T n˜u, T n˜xm˜n˜) + d(T
n˜xm˜n˜, xm˜n˜)
]
< s
[ ε
2s
+
ε
2s
]
= ε.
We observe that (2) also implies that there exists an m0 ∈ N such that
(4) d(xmn˜, xmn˜+p) < ε, ∀m ≥ m0, ∀p ∈ {0, 1, . . . , n˜− 1}.
Indeed, since (2) holds for n = 1, there exists k0 ∈ N such that
d(xk+1, xk) <
ε
n˜sn˜
,
for all k ≥ k0. Let m0 be such that m0n˜ > k0. We can apply p − 1 times the relaxed triangle
inequality to obtain
d(xmn˜, xmn˜+p) ≤
p∑
i=0
si+1d(xmn˜+i, xmn˜+i+1) ≤
n˜−1∑
i=0
sn˜
ε
n˜sn˜
= ε,
for all m > m0 and p ∈ {0, ..., n˜− 1}.
We have prepared all the necessary technicalities to prove that (xk)k∈N is a Cauchy sequence.
For any ε > 0 first construct n˜, m˜ such that (3) holds and then m0 such that (4) is also satisfied.
Let m = max{m˜,m0} and k1, k2 ∈ N such that k1, k2 ≥ mn˜. We can write k1 = m1n˜ + p1,
k2 = m2n˜+ p2, where p1, p2 ∈ {0, ..., n− 1} and m1,m2 ≥ m. The construction of these indices
implies
d(xk1 , xm1n˜) < ε and d(xm2n˜, xk2 ) < ε, by (4);
d(xm1n˜, xm˜n˜) < ε and d(xm˜n˜, xm2n˜) < ε, by (3).
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Therefore we can use the relaxed triangle inequality to obtain
d(xk1 , xk2 ) ≤ sd(xk1 , xm1n˜) + s
2d(xm1n˜, xm˜n˜)
+ s3d(xm˜n˜, xm2n˜) + s
3d(xm2n˜, xk2)
≤ sε+ s2ε+ s3ε+ s3ε
≤ 4s3ε.
Thus we proved that (xk)k∈N is a Cauchy sequence. Since (X, d) is complete, there exists an
x∗ ∈ X such that xk → x
∗. Then
s−1d(x∗, T x∗) ≤ lim inf
k→∞
d(xk+1, T x
∗)
≤ lim sup
k→∞
d(xk+1, T x
∗)
= lim sup
k→∞
d(Txk, T x
∗)
≤ lim sup
k→∞
d(xk, x
∗) = 0,
hence Tx∗ = x∗.
It remains to prove that T has no other fixed point besides of x∗. Suppose that y∗ is also a
fixed point of T . Hence
0 ≤ d(x∗, y∗) = d(Tx∗, T y∗) ≤ ϕ(d(x∗, y∗)),
and since ϕ is increasing we have
0 ≤ d(x∗, y∗) ≤ ϕn(d(x∗, y∗)), ∀n ∈ N.
If we let n→∞, the last inequality implies d(x∗, y∗) = 0.
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